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Abstract 

We consider Fisher-KPP-type reaction-diffusion equations with spatially inhomogeneous re- 
action rates. We show that a sufficiently strong localized inhomogeneity may prevent existence of 
transition-front-type global in time solutions while creating a global in time bump-like solution. 
This is the first example of a medium in which no reaction-diffusion transition front exists. A 
weaker localized inhomogeneity leads to existence of transition fronts but only in a finite range 
of speeds. These results are in contrast with both Fisher-KPP reactions in homogeneous media 
as well as ignition-type reactions in inhomogeneous media. 

1 Introduction and main results 

Fisher-KPP traveling fronts in homogeneous media 

Traveling front solutions of the reaction-diffusion equation 

Ut = Uxx + f{u) (1.1) 

are used to model phenomena in a range of applications from biology to social sciences, and 
have been studied extensively since the pioneering papers of Fisher [6] and Kolmogorov-Petrovskii- 
Piskunov fl2l. The Lipschitz nonlinearity / is said to be of KPP-type if 

/(O) = /(I) = and < f{u) < f'{0)u for u G (0, 1), (1.2) 

and one considers solutions < u{t,x) < 1. A traveling front is a solution of (jl.ip of the form 
u{t,x) = (jjcix — ct), with the function (pdO satisfying 

+ + /(0,) = 0, M-oo) = h 0c(+oo) = O. (1.3) 

Here c is the speed of the front and traveling fronts exist precisely when c > c* = 2-y/ /'(O). For the 
sake of convenience we will assume that /'(O) = 1, which can be achieved by a simple rescaling of 
space or time. 
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The traveling front profile (pdO satisfies (pdO 

—7- +00. The decay rate r(c) can 
be obtained from the linearized problem vt = Vxx + and is given by 



c - Vc^ - 4 

r(c) = . (1.4) 

It is the root of both — cr + 1 = and + r^Jc^ — 4 — 1 = and for c » 1 we have r(c) = 
c"-*^ + 0(c~^), whence limc_s>+oo cr(c) = 1. 



Fisher-KPP transition fronts in inhomogeneous media and bump-like solutions 

In this paper we consider the inhomogeneous reaction-diffusion equation 

ut = Uxx + f{x,u) (1.5) 
with X G M and a KPP reaction /. That is, we assume that / is Lipschitz, fu{x,0) exists, 

/(x,0) = /(x, 1) = 0, and < /(x, n) < /„(x, 0)u for (x, u) G M x (0, 1). (1.6) 
We let a(x) = /u(x, 0) > and assume that for some C, 5 > we have 

f{x,u)>a{x)u-Cu^+^ for (x,^) G M X (0, 1). (1.7) 
Finally, we will assume here 

< a_ < a(x) < a+ < +00 for x G M (1.8) 

and 

limi^l^oo a(x) = 1. (1.9) 

That is, we will consider media which are localized perturbations of the homogeneous case. 

In this case traveling fronts with a constant-in-time profile cannot exist in general, and one 
instead considers transition fronts, a generalization of traveling fronts introduced in [H \TE[ [T7] . In 
the present context, a global in time solution of (|1.5p is said to be a transition front if 

lim u{t,x) = 1 and lim u{t,x) = (1-10) 

for any t G M, and for any e > there exists < +00 such that for any t G M we have 

diam {x G M | e < u{t, x) < 1 - e} < L^. (1.11) 

That is, a transition front is a global in time solution connecting u = and u = 1 at any time t, 
which also has a uniformly bounded in time width of the transition region between e and 1 — e. 

Existence of transition fronts has been previously established for a class of time-dependent 
spatially homogeneous bistable nonlinearities in |17] , and for spatially inhomogeneous ignition non- 
linearities in [14 ^ 115 ^ [Is]. The results in these papers, while non-trivial, are similar in spirit to the 
situation for such nonlinearities in homogenous media: there exists a unique (up to a time shift) 
transition front, and it is asymptotically stable for the Cauchy problem. In the present paper we 
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will demonstrate that the situation can be very different for KPP-type nonlinearities, even in the 
case of a spatially localized inhomogeneities. 

Before we do so, let us define another type of a solution of (|1.5|) . We say that a global in 
time solution < u{t,x) < 1 of ()1.5p is bump-like if u{t,-) G L^(M) for all t G M. We will show 
that bump-like solutions can exist for inhomogeneous KPP-type nonlinearities. What makes such 
solutions special is that they do not exist in many previously studied settings, as can be seen from 
the following proposition. 

Proposition 1.1. Assume that either f{x,u) > is an ignition reaction (i.e., f{x,u) = if 
u G [O,0(x)] U {1}, with 6 = mix£M.O{x) > 0; see fT4\ [221 H^) or f{x,u) = f{u) is a spatially 
homogeneous KPP reaction satisfying (ll.2j) and 

f{u) =u foruG [0,6] (1.12) 

for some 9 G (0, 1). Then (jl.Sp does not admit global in time bump-like solutions. 

Remark. Hypothesis ()1.12p is likely just technical but we make it for the sake of simplicity. 

Non-existence of transition fronts for strong KPP inhomogeneities 

Our first main result shows that a localized KPP inhomogeneity can create global in time bump- 
like solutions of (jl.Sp as well as prevent existence of any transition front solutions. This is the 
first example of a medium in which no reaction-diffusion transition fronts exist. Moreover, in the 
case a{x) > 1 and a(x) — 1 compactly supported, Theorems 11.21 and 11.31 together provide a sharp 
criterion for the existence of transition fronts. Namely, transition fronts exist when A < 2 and do 
not exist when A > 2, with A = supa^dxx + o,{x)) the supremum of the spectrum of the operator 
L = dxx + cl{x) on M. One can consider these to be the main results of this paper. 

Note that (II. 9p implies that the essential spectrum of L is (— oo, 1] and so A > 1. Hence if A > 1 
then A is the principal eigenvalue of L and 

ip" + aix)^^ = Xip (1.13) 

holds for the positive eigenfunction < tp G L^(M) satisfying also HV'lloo = 1- We note that 'tp{x) 
decays exponentially ±oo due to (fLQl) . 

Theorem 1.2. Assume that f{x,u) is a KPP reaction satisfying (|1.6p - (jl.9p with a_ = 1. If X > 2, 
then any global in time solution of (II. 5p such that < u{t,x) < 1 satisfies (with Cc > 0) 

?/(t,x) < C7, 6-1^1+'=* (1.14) 

for any c < X/\/\ — 1 and all {t,x) G x M. In particular, no transition front exists. 
Moreover, bump-like solutions do exist, and if there is 9 > such that 

f{x,u) = a{x)u for all {x,u) GM.y.[0,e], (1.15) 

then there is a unique (up to a time-shift) global in time solution < u{t,x) < 1. This solution 
satisfies u{t,x) = e'*'*^(x) for t <C —1. 
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Existence and non-existence of transition fronts for weak KPP inhomogeneities 

We next show that transition fronts do exist when A < 2, albeit in a bounded range of speeds. If u 
is a transition front, let X{t) be the rightmost point x such that u{t,x) = 1/2. If 

t— s— !>+oo t — S 

then we say that u has global mean speed (or simply speed) c. Recall that in the homogeneous KPP 
case with /'(O) = 1, traveling fronts exist for all speeds c > 2. 

Theorem 1.3. Assume that f{x,u) is a KPP reaction satisfying ()1.6p - (jl.9p and a{x) — 1 is com- 
pactly supported. If \ £ (1)2), then for each c £ (2, X/\/X — I) equation (II. 5p admits a transition 
front solution with global mean speed c. Moreover, bump-like solutions also exist. 

Remarks. 1. In fact, the constructed fronts will satisfy supjgjg \X{t) — ct\ < oo. 

2. Fisher-KPP equations in homogeneous media also admit global in time solutions that are 
mixtures of traveling fronts moving with different speeds, constructed in (Tj E]. Such global in 
time mixtures of transition fronts constructed in Theorem 11.31 also exist, but this problem will be 
considered elsewhere in order to keep this paper concise. Existence of transition fronts with the 
critical speeds c=k = 2 and c* = X/\/X — 1 is a delicate issue and will also be left for a later work. 

Finally, we show that the upper limit X/\/X — 1 on the front speed in Theorem 11.31 is not due 
to our techniques being inadequate. Indeed, we will prove non-existence of fronts with speeds 
c > X/\/ A — 1, at least under additional, admittedly somewhat strong, conditions on /. 

Theorem 1.4. Assume that f{x,u) = a{x)f{u) where a is even, satisfies (jl.Sp with a_ = 1, and 
a{x) — 1 is compactly supported, and f is such that (|1.2p and (|1.12p hold for some 9 G (0,1). In 
addition assume that (jl.l3p has a unique eigenvalue A > 1. Then there are no transition fronts with 
global mean speeds c > X/\/ X — 1. 

Let us indicate here the origin of the threshold A/VA — 1 for speeds of transition fronts. In the 
homogeneous case f{x,u) = f{u) with f{u) = u for u < 9, the traveling front with speed c > 2 
satisfies u{t, x) = (^p to a time shift) for x » ct. This means that u increases at such 

X at the exponential rate cr(c) in t. We have lim^^^^^ fu{x,0) = 1, so it is natural to expect a 
similar behavior of a transition front u (with speed c) at large x. On the other hand, any non- 
negative non-trivial solution of (jl.Sp majorizes a multiple of e^'"'^il)M{x) for t <C —1, with Xm and 
tpM the principal eigenvalue and eigenfunction of dxx + a{x) on [— M, M] with Dirichlet boundary 
conditions (extended by outside [— M, M]). So u has to increase at least at the rate Aa/ , and since 
limjv/_j.oo Am = A, it follows that one needs cr(c) > A in order to expect existence of a transition 
front with speed c. Using (II. 4p . this translates into c < A/\/A — 1. 

In the rest of the paper we prove Proposition 11.11 and Theorems 11.21 11-31 11.41 (in Sections 2, 3, 
4, and 5-7, respectively). 

Acknowledgment. JN was supported by NSF grant DMS-1007572, JMR by ANR grant 
'PREFERED', LR by NSF grant DMS-0908507, and AZ by NSF grant DMS-0901363 and an Alfred 
P. Sloan Research Fellowship. 
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2 Nonexistence of bump-like solutions for ignition reactions and 
homogeneous KPP reactions: The proof of Proposition II. IL 

Assume, towards contradiction, that there exists a bump-hke solution. We note that parabolic 
regularity and / Lipschitz then yield for each t G M, 

u,Ux ^ as |x| — )• oo. 

This will guarantee that differentiations in t of integrals over M and integration by parts below are 
valid. Let us define 

I{t) = 1 u{t,x)dx and J{t) = - f u{t,x)'^dx. 

Integration of (jl.Sp and of (jl.Sp multiplied by u over x S M yields 

I'{t) = / f{x,u)dx>0 and J'{t)= / f{x,u)udx— / \ux\'^ dx < l' (t) — / \ux\'^ dx. 
Jr Jr Jr Jr 

So limj_j._oo I{t) = C > and then limt_>_oo f^\ux\'^ dx = 0. Parabolic regularity again gives 

n, Ua; — >■ as t — )■ —oo, uniformly in x. 

Thus u{x, t) < 9 for all t < to and all x G R. Then u in the ignition case {v{t, x) = e~^u{t, x) in the 
KPP case) solves the heat equation for t <to. Since u> {v > 0) and it is in x, it follows that 
u = {v = 0), a contradiction. 



3 The case A > 2: The proof of Theorem 11.21 

We obviously only need to consider c G (2, X/\/ \ — 1), so let us assume this. We will first assume, 
for the sake of simplicity, that o(x) — 1 is compactly supported and (jl.lSp holds. At the end of this 
section we will show how to accommodate the proof to the general case. 

Let us shift the origin by a large enough M so that in the shifted coordinate frame a(x) = 1 
for x ^ [0,2M], and the principal eigenvalue Am of dxx + a{x) on (0, 2M) with Dirichlet boundary 
conditions satisfies Am > 2. This is possible since 

lim Am = A. 

M->+oo 

We let ipM be the corresponding L°°-normalized principal eigenfunction, that is, HV'mHoo = 1 and 

ij'l^ + a{x)i;M = Xui'M, > on (0, 2M), V'A/(0) = Va/(2M) = 0. (3.1) 

It is easy to show that any entire solution u{t, x) of (jl.Sp such that < u{t, x) < 1 satisfies 
limj_>_oo u{t, x) = and lim^^+oo u{t-, x) = 1 for any x G M, so after a possible translation of u 
forward in time by some toi we can assume 

supti(t,M) < OipMiM) < 9. (3.2) 

In that case (I1.14p for this translated u yields u{t,x) < (7e~l^~^l+^(*~*o) when t < to for the 
original u, but then the result follows for a larger C from the fact that C'e^l^^*^l+'^"'^+'l"'l°°-"^*^*") is 
a supersolution of (II. 5p on (— to,0) x M. 
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Non-existence of transition fronts 



Assume that n is a global in time solution of (|1.5|) . Non-existence of transition fronts obviously 
follows from (jl.l4p . The following lemma is the main step in the proof of (jl.l4p . 



Lemma 3.1. For any c^d € (2, XmI^/^m — 1) with c < d , there is Co > (depending only on a, 
9, c, d) and tq > (depending also on u(0,M)) such that 

M(t, x) < Cou(0, M)e^'+^* (3.3) 

holds for all t < —1 and x € [0, d{—t — 1)], as well as for all t < —tq and x >0. 

Remark. This is a one-sided estimate but by symmetry of the arguments in its proof, the same 
estimate holds for u{—t, 2M — x). 

Let us show how this implies (jl.l4p . despite the fact that (j3.3p seemingly goes in two wrong 
directions. First, the estimate holds for x > but the exponential on the right side grows as 
X — >• +00. Second, this exponential is moving to the left as time progresses in the positive direction, 
while we are estimating u to the right of x = 0. The point of (j3.3p is that the speed c at which 
the exponential moves is larger than 2, the latter being the minimal speed of fronts when a{x) = 1 
everywhere. Thus, when looking at large negative times, this gives us a much smaller than expected 
upper bound on u at \x\ < c\t\. Using this bound and then going forward in time towards t = 0, we 
will find that u cannot become 0(1) at (0, M). 

Given c G (2, X/\/X — 1), pick M such that c < Xm/V^m — 1) and then c' > c as in Lemma [XT] 
Let Ti = 1 + 2M/d (so ti depends on a, 9, c but not on u). By the first claim of Lemma [3. II we have 

u{t, 2M) < Cou{0, M)e2^^+'=* (3.4) 

for all t < —Ti because then 2M < d{—t — 1). 
Next, for any ig ^ ~to^ we let 



vt,{t,x) = C7o7x(0, M)e"+^*o+2(*-*o) + Cou{0,M)t 



AM-x+ct 



Then vt^ is a super-solution for (|1.5p on (to,oo) x (2M, oo) since a{x) = 1 for x > 2M. Moreover, 
the second claim of Lemma 13.11 and to < —tq imply that at the "initial time" to we have 

u{to,x) < C7ow(0,M)e^+^*« < vto{to,x) 

for ah X > 2M. Since c > 2, it follows from ([Ml) that u{t,2M) < vtoit,2M) for ah t G (to, -n). 
Since the super-solution vt^ is above u initially (at t = to) on all of {2M, oo) and at x = 2M for all 
t G (to, — Ti), the maximum principle yields 

u{t,x) < vta{t,x) (3.5) 

for all t G [to, —Ti] and x > 2M. Since c > 2, taking to —5- — oo in p.Sp gives 

u{t, x) < ^0-^(0, M)e^*^-^+'=*, (3.6) 



for t < — Ti and x > 2M. Note that unlike our starting point (j3.3p . the estimate (|3.6p actually goes 
in the right direction, since the exponential is decaying as x — t- +oo. 
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An identical argument gives u{t, x) < Com(0, M)e'^^~^^~^'^^ for t < —ti and x < 0, so 

u{t, x) < Coe2*^u(0, M)e-l^l+'=* (3.7) 

for t < — Ti and x G M \ (0,2M). Harnack inequality extends this bound to all t < — ri — 1 and 
X G M, with some Ci (depending only on a and 6) in place of Cqc^*^: 

u{t, x) < Ciu(0, M)e-l^l+'=* (3.8) 

for all f < — Ti — 1 and x G M. Finally, it follows from (j3.8p that 

u{t,x) < C7in(0,M)e-l^l+'=(-^i-^)e(^+ll"il°°)(*-(-^i-i)) 

for t > — Ti — 1 because the right-hand side is a super-solution of (jl.Sp . Since ri only depends on 
a, 9, c (once M, c' are fixed) and not on u, and since oi > 1, it follows that 

u(t,x) < C72'u(0,M)e-l^l+"* (3.9) 

for all t < and x G M, with C2 depending only on a,9,c. This is (|1.14p . proving non-existence 
of transition fronts when A > 2 under the additional assumptions of a(x) — 1 compactly supported 
and p.l5p (except for the proof of Lemma |3 . 1 1 below) . 

Bump-like solutions and uniqueness of a global in time solution 

Existence of a bump-like solution is immediate from (jl.l5p . Indeed, it is obtained by continuing the 
solution of (II. Sp . given by u{t,x) = e^^ip{x) for t <C —1, to ah t G M. 

In order to prove the uniqueness claim, we note that the same argument as above, with it(0, M) 
replaced by n(s,M) and t < s < 0, gives (with the same C2) 

u{t, x) < C2u{s, M)e-l^l-2('^-*). (3.10) 

We also have ||ii(t, •)||oo < 9 for all t < to = — |logC2. Therefore, the function v{t,x) = n(t,x)e~^* 
solves the linear equation 

vt = Vxx + {cl{x) - 2)v (3-11) 

on (—00, to) X M. It can obviously be extended to an entire solution of ()3.1ip by propagating it 
forward in time. Taking t = s in (|3.10p gives v{t, x) < C2v(t, M) for (t, x) G (—00, to) x Moreover, 
it is well known that since A is an isolated eigenvalue (because A > 1 and the essential spectrum is 
(—00, 1]), the function e^^^^'^^^v{t,x) converges uniformly to il^{x) as t — )• 00. It follows that 

v{t,x) <C3vit,M) (3.12) 

holds for some C3 > and all (t,x) G M^. 

We can now apply Proposition 2.5 from [9] to (j3.1ip . More precisely, as a(x) = 1 outside of a 
bounded interval, Hypothesis A of this proposition is satisfied, while A > 2 ensures that Hypothesis 
HI of [9] holds for the solution w{t,x) = e(^-2)*V(ic) of (l3TT]l . Finally, (l3T^ guarantees that 
condition (2.12) of [9] holds, too. It then follows from the aforementioned proposition that w{t,x) 
is the unique (up to a time shift) global in time solution of (j3.1ip . proving the uniqueness claim in 
Theorem O 

It remains now only to prove Lemma 13.11 in order to finish the proof of Theorem 11.21 in the case 
when a(x) — 1 is compactly supported and (ll.lSj) holds. 
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The proof of Lemma 13.11 

We will prove Lemma 13.11 using the following lemma. 

Lemma 3.2. For every e G (0, 1) there exists Cs > 1 (depending also on a, 9, and \m) such that 

u{t,x) < C£u(0,M)v1^e^^"-i^'+(^"-^)* (3.13) 



holds for all t < —1 and x G [0, Ce(— t — 1)], with Ce = — e)/yJ\M — 1- 

Let us first explain how Lemma [3.21 implies Lemma [3. 11 Pick e > such that = c'. Then there 
is Co > depending only on a, 9, c (via e, Xm, Ce) such that for all t < — 1 and x E [0, c'(— t — 1)] 
we have 



(t,x) < C7,u(0, M)^e^^«-^(^+'='*) < (:7,tx(0,M)v^e^+"'* < ^0-^(0, M)e^+"*, (3.14) 



_ |log(Con(0,M)e-'^)| , ^ 
To = h 1, (3.15) 



the first claim of Lemma 13.11 , 
Next let 



so that Cou(0, M)e^+''* > 1 for f < -tq and x > c'{-t - 1). Since u{t, x) < 1, this means that ([33]) 
also holds for all t < —tq and x > 0, the second claim of Lemma |3. 11 

Thus we are left with the proof of Lemma 13.21 This, in turn, relies on the following lemma. 

Lemma 3.3. For each m € M and e > there is > such that if u ^ [0, 1] solves (jl.Sp with 
t((0, x) > 7X[/-i,/] (x) for some ^ < 9/2 and I G M, then for t > and x <l + m — 2t, 

u{t,x) > ke-fe^^~^'^ / . dz. 



i-i V47rt 

Proof. The result, with 1 in place of 1 — e, clearly holds when f{x,u) > u for all x,u. Since 
fix, u) > u only for u < 9, we will have to be a little more careful. 

It is obviously sufficient to consider / = 0. Let g he a concave function on [0, 1] such that 
g{w) = w ior w £ [0,1/2] and 17(1) = and define g-y{w) = 2'yg{w/2^) (hence g-y{w) = w for 
w S [0,7], and g^ < f). The comparison principle implies that u{x) > w{x), where w{x) solves 

Wt = W:rx + g^{w) (3.16) 

with initial condition w{0, x) = 7X[-i,o] (^)- follows from standard results on spreading of solutions 
to KPP reaction-diffusion equations (see, for instance, [2j) that for each e > there exists t^ > 
(m + l)/2^yl — e such that for all t > t^ we have w{t, —2-^/1 — e{t — ts) — 1) > 7. The time t^ is 
independent of 7 because w/'^ is independent of 7. 
Note that the function 

/■O -|x-2|2/4t 

v{t, x) = e-2*-7e(^-^)* / , dz 

J-i ^fWt 
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solves vt = Vxx + (1 — £)v, so w is a sub-solution of (|3.16p on any domain where v{t,x) < 7. We 
have \\v{t, ■)\\oo < e~(-'^~^)*=7 < 7 for t < t^, as well as 
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for t > ts- Since v{t,-) is obviously increasing on (— 00,— 1), it follows that w is a sub-solution of 
p.l6p on the domain 

D = ([0, t,) X M) U {{t, x)\t, >t and X < -2^/1 - e{t - t^) - 1}. (3.17) 

Moreover, w is a solution of (I3.16p . 

v{0,x) = e"^*=7X[-i,o](a;) < w{0,x), 

and 

v(t, -2^1 -e{t - te) - 1) < 7 < w{t, -2Vl-e{t - t^) - 1) 

for t > tgr. Thus V < w < u on D. Since —2\/l — e{t — te) — ! > m — 2t implies (t, x) £ D whenever 
X < m — 2t, the result now follows with = e""^^" . □ 

Proof of Lemma 13.21 Assume that 

u{t',x) > Ceu{0,M)y^\¥\e'^^^''+'^^^'-'^'' 
for some t' < —1 and x G [0, Cs{—t' — 1)], let t = t' + 1 < 0, and define 

^ < <l 

2\tWXM - 1 " 2(Am - 1) 

By the Harnack inequality and parabolic regularity that there exists cq G (O,e~^*^0/2) (depending 
on a, 6) such that 

u{t, z) > coCeu{0, M) v^^TTe^^^^'+(^^^-")* (3.18) 

for all z G (x — l,x). Note that the right side of (13.181) is below 9/2 since u{t,x) < 1. Then 
Lemma [3. 31 with / = x and m = 2M shows that for y G [0, 2M] and C'^ = keCoCs (with ke from that 
lemma and using \/Xm — I > 1) we have 

^ p-\y-^\Vmt\ 



L{t + (3\t\,y) > C^n(0,M)v^^Tle^-^*^-^^+(^«-^)V^-")^l*l / dz 

Jx-i A/47r/3|t| 

^ C^n(0, M) ^^xlTTx+XMt-^+m 



The normalization HV'mHoo = 1 and the comparison principle then give 

.(0, z) > min 1 9, e^-(i-'^)l*l ^^^(M-^) ,v^^-Am|^|-^+/3|.| 1 ^ C'MO^M) 

I vSvr I I V47r 



for any z G M. Taking z = M and = Ay/ir /ki,CQtpM{M)^ it follows that 

n(0,M) > min{6lV'Af(Af),2n(0,M)}, 
which contradicts and u(0,M) > 0. Thus, (l3T3]) holds for this □ 
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The case of general inhomogeneities 



We now dispense with the assumptions of a(x) — 1 compactly supported and (|1.15|) . The proof of 
(jl.l4p easily extends to the case of (jl.7p and ()1.9p . First, pick e £ (0, c — 2) (recall that c > 2) such 
that (A — 2e)/\/X — 1 > c and then ^ > such that f{x, u) > (a(x) — e/2)u for u < 9. Next, choose 
M large enough so that a{x) < 1 + e outside (0, 2M) (after a shift in x as before) and the principal 
eigenvalue (< A — e/2) of the operator 

dxx + a{x) - e/2 

on (0, 2M) with Dirichlet boundary conditions satisfies Am > \ — e. Thus = (Am — e)/\/AAf — 1 > 
c, so we can again let c' = > c. 

Then Lemma 13.31 holds for the chosen e^O without a change in the proof, even though now we 
have only f{x,u) > (1 — e/2)n for u < 9. Lemmas 13.21 and 13.11 are also unchanged. The only change 
in the proof of non-existence of fronts in Theorem 11.21 is that one has to take 

vt„{t,x) = Co^i(0,M)e^-^*«+(2+=)(*+*«) +Cou(0,M)e^*'^-^+'=*. 

Since c > 2 + e, we again obtain 

u{t,x) < (72^(0, M)e-I^l+'^* 

for t < and x G M, so (jl.l4p as well as non-existence of fronts follow. 

A bump-like solution is now obtained as a limit of solutions n„(f, x) defined on (— n, oo) x M with 
initial data u{—n,x) = Cni^ix). Here < C„ — )• are chosen so that 14^(0,0) = 1/2, and parabolic 
regularity ensures that a global in time solution u of (II. 5p can be obtained as a locally uniform limit 
on M of Un, at least along a subsequence. Since supersolution of (II. 5p . we have 

Cn^^ > Cn-i- Since C„e('*'~^")(*~"V(^) is a subsolution of (jl.Sp on [— n, — n -|- 1] provided 

(< CCy' by ([TZI)) 

and using 1 1 "01100 — 1) we have CfjC^ ^" ^ C-n—i' Thus Cjj decays exponentially and then so does 
£n- As a result, Cn^^^ — >■ Coo £ (0,oo) and so u„(t,x) < 2Cooe^^^{x) for all large n and all (i,x). 
Thus the limiting solution u also satisfies this bound and it is therefore bump-like. 

The proof of uniqueness of global solutions also extends to (jl.9p , but this time (ll.lSp is necessary 
in order to obtain ()3.1ip and to then apply Proposition 2.5 from [9j. 

4 Fronts with speeds c G (2, \/\/\— 1): The proof of Theorem 11.31 

First note that the proof of existence of bump- like solutions from Theorem 11.21 works for any a_ > 
and extends to A < 2, so we are left with proving existence of fronts. 

Assume that a{x) = 1 outside [— M, M] and also (for now) that ()1.15p holds. Consider any 
c G (2, A/a/A — 1). We will construct a positive solution v and a sub-solution w to the PDE 

ut = Uxx + a{x)u, 



En = sup a{x) 

(x.u)GRx(O.C„e^) . 



f{x,u) 
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such that w < mm{v,9} and both move to the right with speed c (in a sense to be specified later). 
It follows that V and w are a supersolution and a subsolution to (jl.Sp . and we will see later that 
this ensures the existence of a transition front u £ {w,v) for (|1.5|) . 
For any 7 G (A, 2) let (py be the unique solution of 

(t>'!^ + a{x)4>j = j4>^, (4.1) 

with (/>'y(x) = e~^'^~^^ for x > M. We claim that then 

q)^ > 0. (4.2) 

Indeed, assume 0'y(xo) = and let ijj.y be the solution of (j4.1|) with '^7(3^) = e^'''"-'-^ for x > M. 
Then </>^ — e^/;^ would have at least two zeros for all small e (near xq and at some xi ^ M). Since 
7 > A = sup(t(5^^ + a(x)), this would contradict the Sturm oscillation theory, so (j4.2p holds. Since 
there are a^,/3^ such that 

(/)-y(x) = a^e-"^^ + /3^ev^^ 

for x < —M, it follows that a-y > 0. 
This means that the function 

v{t,x) = e<^(t)^{x) > 

is a supersolution of ()1.5p (if we define f{x,u) = for u > 1). Notice that in the domain x > M, 
the graph of v moves to the right at exact speed 7/\/7 ~ 1 time increases. This is essentially true 
also for X <C —M (since (p^{x) ^ a^e'^^^'^^ there), so f is a supersolution moving to the right at 
speed 'j/y/j — 1 in the sense of Remark 1 after Theorem 11.31 
Next let < e' < e and ^ > be large, and define 

w{t,x) = e^^cj)^{x) - Ae(^+^)V7+e'(3;)- 

Then w satisfies 

Wt = w^^ + a{x)w -{e- e')Ae^^+'^'^^+e'{x). (4.3) 

If we define f{x,u) = for ti < 0, then w will be a subsolution of (jl.Sp if sup(t 2,) w{t,x) < 9, due 
to (jl.lSp . We will now show that we can choose e,e',A so that this is the case. 

For large t such that suppi(;+ C (Af,oo) (namely, t > e^^{^/J + e' — 1 M — — IM — log A) ) , 
the maximum max^^ ■w{t, x) is attained at x such that 



that is, at 



If we define 



then we have 



y^3IeT*e-v^^ = ylv^7 + e' - 1 e(T+^)*e-^^+^'~i^, (4.4) 



1 

xt 



V7 + - 1 - Vt" 



£t + log A 



(4.5) 



V7 + - 1 - V7-1 



11 



for t ^ 1. So if e > e' are chosen so that = 7 (this is possible because 7 > 2(7 — 1)), then 
maxa; w{t, x) is constant for t 2> 1. 

The same argument works for t <^ —1, with Aa^^i^'/a^ in place of A in (|4.4|) — (j4.6|) . as well as 
with all three equalities holding only approximately due to the term /3^e^"'~^^. Nevertheless, the 
equalities hold in the limit t — t- —00, and maxx'w{t,x) has a positive limit as t — t- —00. Therefore 
maxxw{t,x) is uniformly bounded in t, and this bound converges to as A — )• 00, due to ()4.6p . 
We can therefore pick A large enough so that sup^^ .^.-i w{t, x) < 6, so that w is now a subsolution of 
(II. Sp . Note that ek = 7 also implies that xt (and hence w) moves to the right with speed 

£ ^ 7 

V7 + e' - 1 - \/7^ \/7^ 

(in the sense of sup^ \ xt — 1^1 — 1| < 00). 

So given c G (2, A/\/A — 1) let us pick 7 G (A, 2) such that c = 7/^7 — 1 (and then choose 
e, e', A as above). Then we have a subsolution w and a supersolution of ()1.5p with v > max{t(;, 0}, 
maxa; tti(t, x) bounded below and above by positive constants, with the same decay as x — )• 00, and 
with f — )• 00 and w — )• —00 as x — )• —00. Moreover, v and w; are moving at the same speed c to the 
right, in the sense that points where max^, i(;(t, x) is achieved and where, say, v{t,x) = 1/2, both 
move to the right with speed c (exact for t ^ 1 and almost exact for t <C —1). 

A standard limiting argument (see, for instance, [5]) now recovers a global in time solution to 
(jl.Sp that is sandwiched between v and w. Indeed, we obtain it as a locally uniform limit (along 
a subsequence if needed) of solutions Un of (jl.Sp defined on (— n, 00) x M, with initial condition 
Uni—n-Tx) = min{f (— n, x), 1}, so that n G (maxju), 0}, min{f , 1}) by the strong maximum principle. 
Another standard argument based on the global stability of the constant solution 1 (on the set of 
solutions u £ (0,1)), same speed c of u and w, and uniform boundedness below of max^^ tt;(t, x) in 
t shows that u has to be a transition front moving with speed c, in the sense of Remark 1 after 
Theorem II. 31 

This proves the existence-of- front part of Theorem 11.31 when (jl.lSp holds. In that case we could 
even have chosen e' = e so that = 7 because then lime_>o £^ = 2-^/7 — 1 < 7 < 00 = lim£_!.oo 
If we only have ()1.7p . we need to pick e' < e such that ek = ■j and the last term in ()4.3p to be 
larger than Cw{t,x)^~^^ where w{t,x) > 0, so that w stays a subsolution of ()1.5p . For the latter it 
is sufficient if 

(e - e')^e(^+")*e-^^+^^- > Cie-^^+^^'^'' (4.7) 

where w{t, x) > 0, with some large Ci depending on C, (j)^, (p^+s'. If we let y = x—ct = x— 7*7-^/7 — 1 
and use ek = 7, this boils down to 

V7 + £^-lj/< (1 + ^)^7^?/ + log (4.8) 

when w{t,ct + y) > 0. Notice that for say A = 1, the leftmost point where w{x,t) = stays 
uniformly (in t) close to ct (say distance d{t) < do), and only moves to the right if we increase A. 
Therefore we only need to pick e' < e such that -y/7 + e' — 1 < (1 + — 1 and ek = 'j, and then 
A > 1 large enough so that (|4.8p holds for any y > —do- The rest of the proof is unchanged. □ 
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5 Nonexistence of fronts with speeds c > \/\/\ — 1: The proof of 
Theorem 11.41 

Assume a{x) = 1 outside [— Mq, Mq] and let us denote the roots of — cr + 1 = by 

, , c ± Vc^ - 4 
'^±(c) = . 



Notice that if A < 2 and c > A/ \/A — 1, then 

< r_ (c) < VA - 1 and r+(c) > (5.1) 

V A — 1 

Also recall that we denote by X{t) the right-most point x such that u{t,x) = 1/2. The proof of 
Theorem 11.41 relies on the following upper and lower exponential bounds on the solution ahead of 
the front (at x>X{t)). 

Lemma 5.1. Let c > 2 and u{t,x) be a transition front for (jl.Sp moving with speed c. Then for 
any e > there exists Ce > such that 

u{t, x) < c^e-C'-- for x > X{t). (5.2) 

Lemma 5.2. Assume that the function a{x) is even and that (I1.13P has a unique eigenvalue A > 1. 
Let c > X/\/X — 1 and u{t, x) be a transition front for ()1.5p moving with speed c. Then for all e > 0, 
there is Ce > and T > such that: 

u{t,x) > Qe-('^-(^)+")(^-^W) fort>T and x > X{t). 

Proof of Theorem II. 4L Let us assume A G (1,2] since the cas A > 2 has already been proved in 
Theorem 11.21 Assume that there exists a transition front u{t,x) with speed 

c > X/VX-1. (5.3) 

We first wish to prove the following estimate: for all e > 0, there exists > such that 

u{t, x) < Cee''>^~^^*~V\-e-ix ah X > and t < 0. (5.4) 

From Lemma 13.21 the estimate is true for x = and, more generally, on every bounded subset of 
M+, so let us extend it to the whole half-line. For this, we notice that, for all t < 0, we have 

u{t,x)<Ce\ for3;>0. (5.5) 

Indeed, the function 

r+oo 

a{t) = / u{t, x) dx, 
J Mo 

which is finite due to Lemmal5.1l solves 



r+oo 

a' — a = —Ux{t, Mo) — / {u{t,x) — f{u{t,x)) dx. 

J Mo 
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From parabolic regularity and (|5.4p for x on compact intervals, we have \u^{t,Mo)\ < Ce^^"^)* for 
t < 0. From Lemma |5. 11 the fact that u travels with a positive speed, and a(x) = 1 for x > Mq, we 
have f{u{t,x)) = u{t,x) for x > Mq and t <C —1. Hence we have 

a' -a = 0(e(^-^)*) 

for t <^ —1, which implies a{t) = 0(e*) for t < since A > 1. Estimate (|5.5p then follows from 
parabolic regularity. 
Then, we set 

w{t,x) = e''u{t,x) - Qe(A-e-i)t-VA=i=T(x-M-i)_ 
Since (|5.4|) holds on compact subsets of , we have 

Wt — Wxx < for t < 0, X > Mq, 
w{t,Mo) < for t < 0. 

From (I5.5P (and A > 1) the function w is bounded on M_ x [Afo,+oo). Consequently, it cannot 
attain a positive maximum, and there cannot be a sequence {tn,Xn) such that w{tn,Xn) tends to 
a positive supremum. This implies that w is negative, hence estimate (15. 4p for x > Mq follows. It 
also holds on [0, Mq] due to parabolic regularity. 

Let us now turn to positive times. The function v{t, x) = u{t, x + ct) solves 

vt — Vxx — cvx < f for t > 0, X > Mq, 
v{t,MQ) < 1 for t > 0, 
v{0,x) < c^e-VA-i-ex^ 

the last inequality due to (|5.4p . Since for small enough e > we have r_(c) < VA — e — 1 < r^{c), 
the stationary function g-VA-i-ex ^ super-solution to 

Vt — Vxx — CVx = V. 

This in turn implies v{t,x) < C£e~^^~^~^^ for small e > 0. Using the fact that the front travels 
with speed c, we get 

with a new C. This contradicts Lemma 15.21 since r_(c) < \/X — 1. □ 
The rest of the paper contains the proofs of Lemmas 15.11 and 15.21 

6 An upper bound for fronts with speed c > X/y^X — 1: The proof 
of Lemma 15.11 

It is obviously sufficient to prove that for any e > there exists x^ such that for any t G M we have 

u{t, x) < e-(^- for x > X{t) + x^. (6.1) 
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Therefore assume, towards contradiction, that there exists e > and T„ G M, x„ — )• +00 such that 

u(T„,X(r„) + x„)>e-('--W"^)^". 
By the Harnack inequahty, there is a constant 6 > such that 

u{Tn - 1,X(T„) +x) > 5e-("-('=)-^)^" for x G + 1]. (6.2) 

As u satisfies (|l.lip and moves with speed c, we know that for every a > we have 

Um sup u{T + s,x) = 0. 

■^~^+°°TeM, x>X(T)+{c+a)s 

Therefore, for every a > there is Xq, > such that for any T G M, 

f{u{t,x)) = u{t,x) for t > T and X > X{T) + {c + a){t - T) + Xa 
Then from u < 1 we have for t >T 

Ut - Uxx = a{x)u + a{x) {f{u) - u) > U - Cl^<x{T)+{c+a){t-T)+x^ 

with C = ||a||oo- Thus we have 

(x — y)^ (x — y)^ . /, \ 

r g-4{t-T) ft rxa+{c+a)s g- 4(t_s) +(t-s) 

u{t,x)>e' / uiT,y) dy - C / dyds =: I{t,x) - II{t,x) 

We are going to evaluate I{t, x) and II{t, x) for T = T„ — 1 at 

{t, x) = z„) := (t„ - 1 + -^1^, X(r„) + ^7=^) , 

and show that I{tn,Zn) — >• +00 faster than II{tn,Zn) provided a > is small enough, giving a 
contradiction with u{t,x) < 1. 

Fix n and for the sake of simplicity assume T„ = 1 and X(T„) = (this can be achieved by a 
translation in space and time). So T = and by (j6.2p we have 

I{tn,Zn) > e*" / , u{0,y) dy > ^^e*"-^'^-^^)-^)^" / e dz. 

Jx„ V4vrt„ V47rt„ Jq 

Note that for z G [0, 1] we have 

{Zn Xn 2;) (Zfi 2;^^) 



thus with some n-independent ^ > we have 



+ 0(1), 



lit z)> '^^ g-^^^^+t„-(r-(c)-eK 
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The exponent is easily evaluated using the relations x„ = \/ (? — 4t„, z„ — a;„ = 2r_(c)t„, and 
r_(c)^ + — 4 r_ (c) — 1 = 0, leading to 



z„) > ^^e(^v^-")*" . (6.3) 
To estimate II{tn, Zn), notice that we have (using Zn = ctn and with z := y — Zn) 

2 

II{tn,Zn) <C I I =dzds 
Jo J-oo y'ATTltn — S) 

p. 

ftn / l'Xa-c{t„-s) + aS /"Sla - c(t„ - s) \ p^n-S- 4(t^_3) 

= C ( + dzds 

Jo \Jxa-c{t^-s) J-OO J y'4:TT{tn-s) 

= : IIl{tn, Zn) + Ihitn, Zn)- 

Using the estimate 

2 9 
Xq, — C^tn — Sj g 4(tn-s) g 4 

< Cq,- 



) ^/tn — S yjtn — S 

and c > 2, we have Il2{tn,Zn) = 0(1) as n — +00. In order to estimate IIi{tn,Zn), we represent 
( := z + c{tn — s) £ [Xa, Xa + Ols] SO that 

z'^ c^Un - s)^ + - 2c(i„ - s)C cC 

4{tn - S) 4{tn - S) 2 

It follows that 

Ihitn, Zn) < at„e'=^'^+^"*" / < Cat^/2gcx„+cat„ < c'^e^'^"*". 

Jo V47r(t„-s) 

We now choose a ^ so that S's/c^ — 4 — g > 2coi. Using (j6.3p . it follows that uitn, Zn) — 
I{tn, Zn) — II{tm Zn) > 1 for all large n, a contradiction. This finishes the proof of Lemma l5.ll □ 



7 A lower bound for fronts with speed c > X/y/X — 1: The proof of 
Lemma 15.21 

7.1 A heat kernel estimate 

We will need a rather precise information on the behavior, for large x and t, of the solutions of the 
Cauchy problem 

ut - Uxx - A{x)u = 0, t > 0, X G M, (7.1) 
ti(0, x) = uo{x). 

The function B{x) = A{x) — 1 is assumed to be nonnegative and to have compact support, in 
an interval [L — Mq,L + Mq]. Basically, A should be thought of as a translate of the function a: 
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in the proof of Lemma 15.21 below, the number Mq will be of fixed size, the number L will vary 
arbitrarily. A lot - most probably, including our estimate below - is known about solutions of (|7.ip . 
See, for instance, [16] and the references therein. However we were not able to find in the literature 
an estimate of the type ()7.3p below. Moreover, the proof is short, so it is worth presenting it in 
reasonable detail. Denote by G{t,x,y) the heat kernel of (|7.1|) . i.e. the function such that the 
solution n(t, x) is 

r+oo 

u{t,x)= / G{t,x,y)uo{y) dy. 



Let us also denote by H(t, z) the standard heat kernel: 

H{t,z) = 



'A-Kt 



Proposition 7.1. Assume the function B{x—L) to he even and nonnegative, and that the eigenvalue 
problem 

(/>'o' + (1 + B{x - L))^o = X^o 
has a unique eigenvalue A > 1. Let (pQ > be the eigenfunction with \\4>o\\2 = 1- Then we have 

G{t,x,y)>e'H{t,x-y). (7.2) 

for all X, y G M. Conversely, if x < L — Mq and y > L + Mq, or y < L — Mq and x > L + Mq, then 
there is a smooth function ipQ such that tPq{x) = ©(e^^'^""^'^') for \x — L\ > 2Mq, and such that, for 
all e > we have 

\G{t,x,y)-(^e^'M^)My) + e\H{t,.)*^Q){x-y)y<Ge'+'^\--y\/'^ (7.3) 

Also, there is C > 0, depending on Mq but not on L, such that if x,y < L — Mq or x,y > L + Mq, 
we have 

Git, X, y) - (^e^'Mx)My) + e\H{t, .) * V'o)(a; + y - 2L)^ < Ce*+^l^+^-2^l/*i/(i, x + y-2L). (7.4) 

Proof. The lower bound (j7.2p is obvious, because A{x) > 1. So, let us examine the upper bound. 
First, we may without loss of generality assume L = 0, the result will just follow by translating x 
and y by the amount L. Also, it is enough to replace A{x) by B[x) (thus we deal with a compactly 
supported potential), at the expense of multiplying the final result by e*. Our proof will use some 
basic facts of eigenfunction expansions, see [TTj, that we recall now. For A; G M*, let us denote by 
f{x,k) the solution of 

- (j)" = iB{x) + k^)(p, X G M (7.5) 

satisfying 

f{x,k) = e'^'' forx>Mo (7.6) 
and let us denote by g{x, k) the solution of (17.5j) such that 

g{x, k) = 6"^'=^ for X < -Mq. (7.7) 
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Denoting by W{u{x),v{x)) the Wronskian of two solutions u and v of ()7.5p . let us set 

«(^) = -i^W{f{x,k),g{x,k)), b{k) = -Lw{f{x,k),g{x,-k)) 
Ilk Ilk 

and 

c{k) = -b{-k), d{k) = a{k). (7.8) 

We have 

f{x,k)= a{k)g{x,-k) + b{k)g{x,k) 

gix,k)= cik)f{x,k) + d{k)fix,-k), ^'-^^ 



and |a(A;)| = 1 + |6(A;)| , b{—k) = b{k), and a{—k) = a{k). The following decompositions hold: 
5{x-y) = M^)My) + ir / fix,k)fiy,k) dk- — / /(x,A;)/(y,A:)^— ^ dfc, (7.10) 



and 



+ 00 



6(A;) 



5(x - y) = (/)o(x)(7:)o(y) + — / g{x,k)g{y,k) dk + — g{x,k)g{y,k)—-— dk. (7.11) 

These decompositions may also be viewed as a consequence of Agmon's limiting absorption principle, 
see [T], Theorem 4.1. Consequently, we have the representation 

+ 00 



G{t, X, y) = e(^-i)Vo(x)</.o(2/) + ;f / e-'^'fix, k)f{y, k) dk 



1 

1 f^^ ^-tk^s^^^ .xK-^) 



oo 



e-'*=/(x,A:)/(y,A:)^— ^dA: 

^""■^-"^ ""^ l (7.12) 

= e(^-i)Vo(x)0o(y) + 7^ / e-"''g{x,k)giy,k) dk 

2vr J_oo «(«^) 

Now we prove ()7.3p . If y < — Mq and x > Mq, the identity (|7.9p and the first equality in (j7.12p 
implies that 

G(t, X, y) = e(^-i)Vo(x)<Ao(y) + ^ y ^Z^e''^""'^ (7.I3) 
= e(^-i)Vo(x)0o(y) + (^(t, T* - y) 

where Fi is the inverse Fourier Transform of ^^^j.-^ ■ By using the second equality in (j7.12p . we see 
that the same holds for y > Mq and x < —Mq. This function Fi may be estimated by (j7.10p and 
T9]) if y < -Mq and x > Mq: 

-(j)Q{x)(j)Q{y) = ^ y fi^^ ^) {j{y^ ^) - fiy^ ^)^^) 
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2vr y_oo a{-k) 
1 /■+°° ^iK^-y) 



a{k) 



I ,,-dk. 

The same is true for y < —Mq and x > Mq, one just has to use (jT.lip and (|7.9p . Therefore, 

Fi = t/;o + To, (7.14) 

where ipo{x) = coe~^^~^^^^ for |x| > 2Mo, Tq is a compactly supported distribution, and where we 
have made the abuse of notation consisting in using the argument x in a distribution. Combining 
this with (j7.13p we obtain 

G{t, X, y) = e(^-i)Vo(x)</.o(y) + {H{t, .) * ^l,^){x - y) + {H{t, .) * n){x - y) 

and estimate (|7.3p is concluded by a standard distributional computation. Now we prove (j7.4p . If 
X and y are on the same side, say x > M and y > M, then (|7.12p implies 

1 r+oo 1 r+oo 

G{t,x,y) = e^^-^)'ct>o{x)My) + ir / ""^'^""'^ ^k - - ^'^ 

= e^^-^'^^Mx)My) + H{t,x-y) + {H{t,-)*F2){x + y), ioTx>M,y>M 

(7.15) 

where -F2 is the inverse Fourier transform of the function h{—k)/a{k). Similarly, 

G{t,x,y)= e(^-i)Vo(x)0o(y) + e-i^^^-^C-.) dA; - ^ T"' e-*'='-'=(-+^)^ dA; 

= e'^>^-^^*Mx)My) + H{t,x-y) + {H{t,-)*F:i){x + y), iov x < -M, y < -M, 

(7.16) 

where -F3 is the Fourier transform of the function b{h)/a{k). It follows from [11], that F2 and F3 
are Pi^^'^ functions. From the relations (|7.9p and decomposition (|7.10p . we find that 

F2{x + y) = ^ ^^ki.+y)b{-^ ^ Mx)Mv), for x > Mq, y > Mq. (7.17) 

Consequently, -F2(-2) = cie"^"^""^!^' for z > 2Mo. In the same fashion we have, from the decomposi- 
tion dTTTD . 

F3(x + y) = -T^ e-'''^'^+y^^dk = Mx)My) for x < -Mq, y < -Mq. (7.18) 
2vr y_oo «(«;) 

From the evenness of and the relations (j7.8p . the function 6(/c) is purely imaginary, so b{—k)/a{k) = 
b(k)/a{k) = -b{k)/a{k). Thus, ^3(2) = F2(-z). And so, similarly to (|7Ti]) there holds 

where T2 and T3 are W^'^ functions supported in (— oo,2Mo) and (— 2Mo,oo), respectively. So, for 
X > Mq and y > Mq, estimate (j7.4p now follows from (j7.15p . since 



\{H{t,-)*T2){x + : 



r2Ma 

/ H{t,x + y - z)T2{z)dz 
J —00 



<H{t,x + y-2MQ)\\T2h 
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The same argument is valid for x < —Mq and y < —Mq using (j7.16p . □ 
Proposition 17.11 admits the fohowing corohary, which takes care of what happens when y is in 
the support of B. 



Corollary 7.2. Let ipQ be defined as in Proposition \ 7.1\ . There is a constant C such that if 



y £[L- Mq, L + Mo] and x ^ [L - Mq, L + Mq], we have 

G{t, X, y) - (^e^Vo(x)0o(y) + {e'H{t, .) * ^o)(x - L)^ < Ce*+^l^-^l/*i7(t, x - L). (7.19) 
The proof is similar to that of the proposition, and is omitted. 
7.2 Proof of Lemma 15.21 

Assume the conclusion of Lemma 15.21 to be false. Then there exists a sequence T„ — )• +oo, and a 
sequence x„ — )• +oo such that 

u{Tn,X{Tn) + Xn) < (^)+^)-" . (7.20) 
Extending (17.20j) to a large interval 

We are going to apply the Harnack inequality in the following way: if u{t, x) is a global solution (in 
time and space) of a linear parabolic equation on (t, x) G M x M, there exists a universal constant 
p £ (0, 1) such that 

u{t,x) > pu{t- l,x + i), for aU t, x G M and all ^ € [-1,1]. 
Thus, for all ^ G [—1, 1] and all i G M and x G M, and any non-negative integer p G N we have 

u{t,x)> pPu{t-p,x + pi). (7.21) 
Then, assumption (|7.20p on u together with (j7.2ip translate into 

u{Tn-p,X{Tn) + Xn+Pi) < p-Pe-('^-W+^)^'" (7.22) 

for all ^ G [— 1, 1]. Note that, as u{t,x) is a front moving with the speed c, there exists a constant 
5 > so that 

X{Tn) - 2c{p + B)< X{Tn -p)< X{Tn) + ^{-p + B). (7.23) 

We are going to choose p as a small fraction of x„, that is, p = [r?x„] where [x] denotes the 
integer part of x, and t/ > is small. Then, for any x G [(1 — rj)Xn, (1 + rj)xri\ we rewrite (|7.22p . 
using also (|7.23p as 

u{Tn-p,X{Tn) + x) < p-Pe-('^~('')+^)l^('^"-P)-^('^")"ie-^''-'-''^+''^'-''~^^^'^^^ 



< C exp 
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with a constant K that depends on c, p and B but not on p or x. As p = Xn — )• +00, and 

X{Tn -p)< X{Tn) + cB/2, choosing = + 2K) so that Kr//(1 - rf) < e/2 ensures that 

<- for aU a; G [(1 - ge)x„, (1 + Q'e)x„], 



x-[x(r„-p)-x(r„)] - 2 



for n large enough. Here we have set q= 1/(1 + 2K). 

Let us now shift the origin of time and space placing it at {t,x) = (T„ — p, X(T„ — p)). And 
thus, in the new coordinates we have 



Mo 



(x) := -^(0, x) < C7e-(''-(=)+^/2)x x G [(1 - (1 + ge)x„]. (7.24) 



The support of a — 1 is also shifted accordingly: it is supported in an interval [L — Mq,L + Mq], 
with L = —X{Tn — p) < —Mo for large n. 

Reduction of u{t, x) 
We start from 

u{t,x) = Sa{t)uo{x) - / Sa{t - s)a{u - f (u)) ds < Sa{t)uQ{x) - / Si{t - s)a{u - f{u)) ds. 
Jo Jo 

and we are going to evaluate it for a well chosen {t,x) G M+ x Here Sa denotes the semi- 
groups generated by the operator d'^^ + a{x), and Si is the semigroup generated by the operator 
d"^^ + 1, with a{x) appropriately shifted to our new coordinate frame. Because x > 0, it is outside 
of supp(a — 1) = [L — Mq,L + Mq]; we will use Proposition 17.11 and Corollary 17.21 to deal with 
Sa{t)uo{x). We have 



Sa{t)uo{x) < e* y Hit, x-y) [[u^ * Vo)(y) + Ce^l"-^l/*no(y) j dy 

+ e* / i?(t,x,y))f(no*V'o)(y) + Ce^l"-^l/*no(y)l dy + e^\^o,u^)^o{x) 



= ni(t,x) + U2(t, x) + ti3(x), (7.25) 
where E{t, x, y) = if y < L — Mq (since x > L + Mq), while 



E{t,x,y) = C- 



-|x+j/-2L|2/(t+l) 



a y > L — Mq. We will also set 



Ui{t,x)= [ Si{t- s)a{u- f{u)) ds. (7.26) 
Jo 

We will estimate each of ui, U2, and ti4 separately at an appropriately chosen point (t„, z^) and 
show that U4 is much larger than ui + U2 + U3 giving a contradiction. 
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Estimate of ui{t,x) 

This is the most involved, the estimates of U2 and 3 being simpler or similar. First, we anticipate 
that ui will be evaluated at a point (t, x) such that t and x are both large, and x and t of the same 
order of magnitude. Also, in the integral expressing ui, the integrands will be maximized at points 
y such that \x — y\ is of orde t. Hence, from standard convolutions between exponentials (and the 
fact that r_(c) < \/A — 1, we do not lose any generality if we assume the existence of a function 
wo{x) and a constant C > such that 

(i) . the function wq is bounded on M, 

(ii) . there is a constant C > such that (even if it means restricting q a little) 

for all 6 > 0, there is Q > such that ^0(2;) < C^e"^''-^'^)"'^)^ for x > 0, 
wo{x) < Cse~^^-^^^^^^^ for x G [(1 — qe)xn, (1 + qe)xn], 

fiii). and we have 

H{t, x-y) ({uo * Vo)(y) + Ce^\'-y\^'uo{y)] dy < J H{t, x - y)w^{y) dy 
E{t, X, y) ( (no * ^o){y) + Ce^l"-^l/*no(y) ) dy < [ H{t, x - y)wo{y) dy 



uiit,x) < -J. I e-^-^wo{y) dy. (7.27) 



And thus, we start with 



And, as in the proof of Lemma EH we are going to estimate ui{t,x) at the points 

VC^ - 4 

Observe that for n sufficiently large, L + Mq < so Zn > L + Mq. Thus Zn ^ supp(a — 1) and the 
estimate (j7.27p applies. Let us decompose 

ui{tn,Zn) = —^[ + + + e 4t„ wo{y) dy 



tn \J-oo Jo J{l-qe)x„ J {l+q£)xn 

m ^n) ~l~ ^13(^n) ^n) ~\~ ^14(^ri) Zn)- 

As Zn — y > ctn for y < 0, > 1, and < wo{y) < 1, we have 

2 

'Uii(in,2n) < Ce^^"^)*" ^ as n +oo, (7.28) 
since c > 2. By Lemma l5.ll we have, for every 6 > 

{l—qe)x„ 

nMtn,Zn)<Cs [ e'"-^-(-(^)-^)^ ^. (7.29) 
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The integrand above is maximized at the point 



(c - 2r + 25)tn = {\/c^ - 4 + 2b)i 



n — ■^n 
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that is 0{5xn) close to x„ - this is, indeed, why t„ was chosen as above. Here we have used ()1.4p . 
As ys > Xn, the integrand in (I7.29P on the interval [0, (1 — eq)xn\ is maximized at the upper limit, 
leading to 



Ul2itn,Zn) < C 



{l-qe)xn 



2^2 



Recall that e < 1. Hence, if we choose 6 < \/c^ — 4 we have 



100 



2(c2-4)e2 ^ (c2_4)e2 

1 + '^(1 - ^e) V c2 - 4 < -q^^ 



and therefore 

ui2itn,zn) < CsVUe'''^''^''^-'^^^"/^ ^ as n ^ +00. 
Consider now ui4(tn,Zn): 



(7.30) 



Ul4{tn,Zn) < 



+00 



{l+qe)x„ 
^14 (^n; Zn) + Ui^itrn ^n)- 



+ 

(l+(jE)a;„ ./ z,i 



-dy 



For n']'4 we have: 



"^14 (in) 2;^) — Ce " 



+00 



-dy < C7e<n-(^-W-'5)ctn ^ ^g-(r_(c)2-5)t„ ^ 



as n — )• +00, while for we have 



U'i4(*n,2n) < Ce*" 



and this term can be estimated exactly as ui2{tn, Zn). 

We turn to ui3(t„, Zn) - it is here that we use the crucial assumption (|7.24|) . It follows from this 
bound on wo{y) inside the interval of integration that 



il + q£)Xn (et„-y)2-C|etn- 



Ul3{tn,Zn) < C 



^(r_(c)+e/2)j/ 



{l + q£)Xr, (ct„-y)^ 



{l-q£)Xr, 



dy<C 



-(r_(c)+e/2)j/ 



(l-ije)x„ 



-dy. 



(7.31) 
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Now, the maximum of the integrand is achieved at the point 

_ e 

VC^ - 4 



At the expense of possibly decreasing q so that q < 1/v — 4, we have y„, < (1 — q£)xn- Then the 
integrand in ()7.3ip is maximized at y = (1 — qe)xn, and we have, for all y £ [(1 — q£)xn, (1 + qe)xn]- 

ir-[c) + -)y < (r_(c) + - qe)xn (7.32) 



This gives, for e > sufficiently small. 



ni3(tn, zn) < Cx„e-^*"^^/4 (7.33) 
and, all in all, we have the following upper bound for ni(t„, z„): 

ni(t„, zn) < CVr^e-''"-^'/' + CsVU^e-'^'^'^^'-'^'-Z^ (7.34) 
The estimate for U2{tn,Zn) 

The quantity L + Mq is bounded from above by a universal constant, so 

V*n Jl-Mo i{2„-(L+Afo))/v^ 

< Ce^i-'^'/^)*". (7.35) 
This will decay exponentially fast since c > 2. 

Estimate of U3{tn,Zn) 

The last term we need to consider is the eigenvalue contribution: 



U3{t,x) = e^^(f)o{x) J (t>o{y)wo{y)dy, 

and this is also easy: we have 

usitn, Zn) < Ce^*"-v^^" = c'e(^-^v^)*", (7.36) 
and this quantity will also decay exponentially fast because c > A/\/A — 1. 
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The estimate for Ui{tn-,Zn) 

We wish to show that U4{tn,Zn) goes to as n — t- +oo slower than the first three terms. As the 
front is moving with the speed c, for any small 6 > 0, there exists a large > such that 

1 

u{t, x) > - for X < (c — 6)t — xs and t >0. 

By our assumption on f{u) there is a constant C > such that u — f{u) > C for all u £ [1/2, 1]. 
Therefore, as a{x) > oq > 0, we have 

, J- „ (ct„-y)-^ 

*i r e " 4(t„-s) 



U4itn,Zn) > / -^===^^{u{s,y) - f {u{s,y)))dsdy 

Jo JR v47r(t„ — s) 

> C / ^ dsdy. (7.37) 

Jo J{c~5)s~xs-1 V{tn-S) 

The change of variables y = {c — 6)s — xs + z in the last integral yields 

ytn Jo J-1 

We have, for z € (—1,0) and < s < t„ — 1: 

*,(., .) := t„ - . - ^^(^"-^] + '^^ + "^-^^' 

4(in - s) 

c5s c{tn-s) + 5s {xs-zf 

= (1 - -jAin -S)- — - -7- r - 2 X5 - Z)—- ^ — -. 

4 2 A{tn - s) 4(t„ - s) 4(t„ - s) 

We evaluate the integral on the time interval (1 — ^i)tn < s < {1 — 72)tn with < 72 < 71 <C 1 
to be chosen. There is a constant Cs^'y that depends on 71^2 and 5 but not on n such that for all 
2; G [—1,0] and all s in this interval we have 

c^,, , c5s 



^5is,tn,z)> i^- —)itn- S) - — - — --Cs,^ 



f C (52(1- 72)2 \ 
> ( (1 - - 2^ - ^"5,7 := -As^^tn - Cs^^. 

Therefore 

U4(.tn, zn) > C V^e-^''^'"-^'''' . (7.38) 
Gathering (j7.34p . ()7.35p . (|7.36p and ()7.38p we have, for a constant C > depending only on 5: 

Choosing 71 and 72 small enough, and then 5 = 72 makes the constant Ag^^ arbitrarily small. In 
particular, we may ensure that it is much smaller than the coefficients in front of t„ in the last five 
exponential terms above. This yields 

u{tn,Zn) < 

for large n which is the contradiction. □ 
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